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Spiked Random Tensor Model

T = P

︸︷︷︸
signal (low rank)

+
1√
N
N

︸ ︷︷ ︸
noise (random)

∈ Rn1×n2×n3 ,
N = n1 + n2 + n3

Ni,j,k
i.i.d.∼ N (0, 1)

Goal
Estimate P with a low-rank
approximation of T.

Problem
What does “low rank” mean for a
tensor?

Matrix case: rank-r

SVD ⇝ P = UΣV⊤

= JΣ;U ,V K

Tensor case: rank-(r1, r2, r3)

HOSVD ⇝ P = JH;X ,Y ,ZK

r × r

Core tensor r1 × r2 × r3

Semi-orthogonal
matrices nℓ × r ℓ
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Higher-Order Singular Value Decomposition (HOSVD)

Tensor Unfolding

n2

n1

n3
T

n1

n2n3

T (1)

HOSVD
U ← left singular vectors of T (1)

V ← left singular vectors of T (2)

W ← left singular vectors of T (3)

Ga,b,c ←
∑n1,n2,n3

i ,j ,k=1 T i ,j ,kUi ,aVj ,bWk,c

T = JG;U ,V ,W K

HOSVD

Ĝ
Ǧ

Û Ǔ

V̂ V̌

Ŵ W̌

Multilinear Rank

T̂ =
r
Ĝ; Û , V̂ , Ŵ

z
has

multilinear rank (r1, r2, r3).
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Ĝ; Û , V̂ , Ŵ
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Ǧ

U

Û Ǔ
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Quasi-Optimality of the Truncated HOSVD

Proposition

T̂ =
r
Ĝ; Û , V̂ , Ŵ

z
is not the best low-rank approximation of T.

Let T⋆ be solution to the maximum likelihood estimation problem

min
rankX⩽(r1,r2,r3)

∥T −X∥F .

MLE T⋆ Truncated HOSVD T̂

Computation NP-Hard Polynomial time

Optimality

∥T − T⋆∥F ⩽
∥∥∥T − T̂

∥∥∥
F
⩽
√
d ∥T − T⋆∥F
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Spiked Tensor Model Analysis

T = P︸︷︷︸
signal (low rank)

+
1√
N
N︸ ︷︷ ︸

noise (random)

∈ Rn1×n2×n3 ,
N = n1 + n2 + n3

Ni,j,k
i.i.d.∼ N (0, 1)

Question

Given T̂ =
r
Ĝ; Û , V̂ , Ŵ

z
, how close are Û , V̂ , Ŵ from X ,Y ,Z?

Assumptions
Asymptotic regime: nℓ → +∞ with 0 < cℓ = lim nℓ/N < +∞.

Low-rank approximation: r ℓ ≪ nℓ.

Non-triviality condition: ∥P∥F = O(N
d−2

4 ) (E
∥∥∥ 1√

N
N
∥∥∥

F
= O(N

d−1
2 )).
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Limiting Spectral Distribution

T = JH;X ,Y ,ZK + 1√
N
N.

Û , V̂ , Ŵ gather the first left singular vectors of T (1),T (2),T (3).

We study the limiting spectrum of T (ℓ)T (ℓ)⊤.
The dimensions of T (ℓ) do not have similar sizes: N ≪ Nd−1!
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Û , V̂ , Ŵ gather the first left singular vectors of T (1),T (2),T (3).

We study the limiting spectrum of T (ℓ)T (ℓ)⊤.
The dimensions of T (ℓ) do not have similar sizes: N ≪ Nd−1!
Experiment with (n1, n2, n3) = (300, 500, 700), (r1, r2, r3) = (3, 4, 5).

220 230 240 250 260 270 280 290

D
en

si
ty

Spectrum of T (1)T (1)⊤

ESD
Eigenvalue

130 140 150 160 170 180

D
en

si
ty

Spectrum of T (2)T (2)⊤

ESD
Eigenvalue

90 100 110 120 130 140

D
en

si
ty

Spectrum of T (3)T (3)⊤

ESD
Eigenvalue
Semi-circle



6/9

Limiting Spectral Distribution

T = JH;X ,Y ,ZK + 1√
N
N.

Û , V̂ , Ŵ gather the first left singular vectors of T (1),T (2),T (3).

We study the limiting spectrum of T (ℓ)T (ℓ)⊤.
The dimensions of T (ℓ) do not have similar sizes: N ≪ Nd−1!

Theorem (Limiting Spectral Distribution)

µ
(ℓ)
N =

n1n2n3

nℓN
= O(Nd−2), σN =

√
n1n2n3

N
= O(N

d−2
2 ).

As N → +∞, 1
σN

T (ℓ)T (ℓ)⊤ − µ
(ℓ)
N
σN

Inℓ has a limiting spectral distribution ν̃
whose Stieltjes transform m̃ satisfies

m̃2(z̃) + z̃m̃(z̃) + 1 = 0 z̃ ∈ C \ supp ν̃
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Conclusion

T = JH;X ,Y ,ZK︸ ︷︷ ︸
signal (low rank)

+
1√
N
N︸ ︷︷ ︸

noise (random)

∈ Rn1×n2×n3 ,
N = n1 + n2 + n3

Ni,j,k
i.i.d.∼ N (0, 1)

Question

Given T̂ =
r
Ĝ; Û , V̂ , Ŵ

z
, how close are Û , V̂ , Ŵ from X ,Y ,Z?

Answer — Subspace Alignments

1
r1

∥∥∥X⊤Û
∥∥∥2

F

=
1
r1

r1∑
κ=1

cos2 θ
(1)
κ,N(X , Û)

a.s.∼
N→+∞

1
r1

r1∑
κ=1

1− 1

ρ
(1)
κ,N

2

+

κ-th principal angle
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a.s.∼
N→+∞

1
r1

r1∑
κ=1

1− 1

ρ
(1)
κ,N

2

+

κ-th principal angle



8/9

Conclusion

T = JH;X ,Y ,ZK︸ ︷︷ ︸
signal (low rank)

+
1√
N
N︸ ︷︷ ︸

noise (random)

∈ Rn1×n2×n3 ,
N = n1 + n2 + n3

Ni,j,k
i.i.d.∼ N (0, 1)

Question

Given T̂ =
r
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Perspectives

T =
√
ωP0 +

1√
N
N with ∥P0∥2F = σN

Truncated HOSVD
T̂ =

r
Ĝ; Û , V̂ , Ŵ

z Maximum Likelihood
T⋆ = JG⋆;U⋆,V⋆,W⋆K
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