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TNS: entanglement-based ansatzes for quantum
many-body states
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1 side comment

tensor networks may also describe
partition functions (observables)

need to
contract a TN

TRG approaches
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TN assisted Metropolis-Hastings

collective updates

Nishino, JPS] 1995
Levin & Wen PRL 2008
Xie et al PRL2009: Zhao et al PRB 2010
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ne quantum

roach
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for physical problems

efficient algorrithms for GS, low
excited states, thermal, dynamics

entanglement: crucial ingredient
to understand QMB systems
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as (numerica\) ansatz

Tensor Network States (TINS)

efficient numerical algorithms (small spatia

dimensions) and good theoretical understanding

non-technical review: Annu Rev. CMP 2023 [4:1:
arXiv:2205.10345

work well for G5, low energy, thermal equilibrium

related to area laws

but not for high energy eigenstates, quenches

Osborne, PRL 2006 Vidmar et al., PRL 2017
Schuch et al., NJP 2008

volume law

new tools allow us to access some of these regimes



a question we want to address...



how do quantum systems thermalize?
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Thermalization of quantum systems

quantum system

W) — U(t)|¥) =e ""*|¥)  remains pure

thermalization of (local) observables

(O(1))

reach (remain close to)
equilibrium value

predicted by thermodynamic
ensemble (microcanonical)
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eigenbaSiS Srednicki, Deutsch 90s
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Figenstate Thermalization Hypothesis (ETH)

O = O(E)0rim + ¢~ "5 fo(E,w) Ry
o k., + E,
2
w==F, —FE,

implies (strong) thermalization for initial state
with subextensive energy fluctuations

time average converges to
microcanonical

fluctuations In time are
exponentially small
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Figenstate Thermalization Hypothesis (ETH)

expected to hold for generic (non-integrable)
quantum systems

systems that violate ETH: integrable, MBL...

many numerical tests (mostly | D), but
imrted to small system sizes

problem: exponentially large iIn N = lensor Networks

may be of help



simulation of non-equilibrium dynamics with MPS
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global quench
in D

barrier

entanglement

getting around this

TNS challenge:

limitation

ongoing effort

Duball JPhysA 2017
Leviatan et al. 2017
White et al PRB 2018
Surace et al. 2018
Kvornig et al 202 |
Rakovzsky et al 2022

t =0

_easy to write as MPS

(product state )
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our approach: an alternative
quantum/TNS tool
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OMB Hamiltonian
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spectral (finite energy) properties
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oeneralized density of states

Z(S (E — E,)(E,|O|E,)

microcanonical average:
expectation value In eigenstates
with given energy

ZéE E,)

unnormalised DOS

Z5E E,)(En|9)|?

local DOS
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implementing the filter

(Gaussian operator = not local

= Cosine approximation

M/2
1 M |
M 12m X
cos X" = o7 2 ; (M/2_m>e

peak at m=0

cutthe sum o< V.M
xa /o

H? ~ 12mH /«
eXP < 252) ~ Z Cm€

m=—xa/o

Lu et al. PRX Q2,02032 (2021);Yang et al PRB 106,024307 (2022)
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Can we prepare a filtered state!

N general,
entanglement of
filtered state grows

k
S < Fl—l—log\/ﬁ—kkz

MCB, Huse, Cirac, PRBIOI, 144305 (2020)
see also Morettini et al 2405.02158
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reducing the energy variance costs
entanglement

IDEA.:

R
o5 ‘p> Z Cme—szE/OzGZQmH/oz ‘p>

- - m=—R

2

exp

PRB 101, 144305 (2020)
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reducing the energy variance costs
entanglement

IDEA: . reduce the number of terms (overlap)
( Hartmann et al,, Lett. Math. Phys. 2004
. R
H — E)? iy .
exp ( ) ‘p> ~ Z c, e szE/ozefLQmH/oz‘p>

267
_ - mR/

2. each term bounded S = D

van Acoleyen et al. PRL 2013
3.sum has bounded D = §

D < C\/_( DL/ — ) MPS could reach

6t ~O(log N
Sg%ﬂog\/ﬁﬂm (log V)

PRB 101, 144305 (2020)
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energy filter

filtering a state

decrease energy variance = microcanonical

(Ps(E)¥|O|Ps(E)¥) = O(FE)
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Lu et al. PRX Q2,02032 (2021);Yang et al PRB 106,024307 (2022)
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energy filter

filter as ensemble

diagonal In energy eigenbasis = microcanonical
tr (OPs(F))

tr Ps(F)
tl"Pg(E) = DOS

= O(F)

equivalent to diagonal ensemble of
a certain pure state

reached only after long
time evolution

Lu et al. PRX Q2,02032 (2021);Yang et al PRB 106,024307 (2022)
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Lu et al. PRX Q2,02032 (202 1);Yang et al PRB 106, 024307 (2022)
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Gaussian filter = approximated by series of

evolutions
C(H-BE)?] < 2mEo_i2mH
exp o5 ~ Z ¢, e i2m /aezm xe'
- - m=—R

~ Fouriler series

Lu et al. PRX Q2,02032 (202 1);Yang et al PRB 106, 024307 (2022)
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computing observables

Gaussian filter = approximated by series of

evolutions
i i R
H — E)? | .
exp ( 5 ) ~ Z Cm€—7,2mE/a622mH/oz
‘ T m=CR)
| | | 21
~ Fourier series argesttime  tmax = —=

can be run in a quantum simulator
or simulated with TNS

quantum inspired classical method

Lu et al. PRX Q2,02032 (2021);Yang et al PRB 106,024307 (2022)
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computing observables

e.g. (broadened) local density of states
Dsw(E) = (V[P (E)[¥)

e .
. tm = 2m/N

R
Ds.(E) = Z CmeiEtm |
m=—R <\P|€_ZHtm ‘\If>

Q simulator: prepare state,

evolve, measure 1l
tmax X =

0

Lu et al. PRX Quantum 2, 02032 (2021)
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computing observables

can compute observables:

(V|Ps(E)APs(E)|¥)
(V| Ps(E)*|¥)

Asw(E) =

potential problem: denominator too small

shown to be large enough in vicinity of Eg

better convergence
_ tr[APRs(E)]

Ao lB) = Py (B)

Lu et al. PRX Quantum 2, 02032 (2021)



computing observables

expectation values In filter ensemble

. t[APs(E))
As(B) = = p (),

DoS

Lu et al. PRX Q2,02032 (2021);Yang et al PRB 106,024307 (2022)



algorithm

can be computed using Monte Carlo sampling

_ 2w\ VAP (E)|P)

A E) = B ()W)

Ps(E)

DoS

Lu et al. PRX Q2,02032 (2021);Yang et al PRB 106,024307 (2022)



algorithm

can be computed using Monte Carlo sampling

S (VAP ()W) (VP (E)|P)
(WIBs(E) W) ) g (W[ Ps(E) W)

As(E) =

Lu et al. PRX Q2,02032 (202 1);Yang et al PRB 106, 024307 (2022)
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algorithm

can be computed using Monte Carlo sampling

Z \APa E\m V| P5(E)| W)
_‘\If’ 0 )“I’/>

computed oy Tilter algorithm

importance sampling (classical)

simulating classically with TNS we can reach § ~ 1/log N

Lu et al. PRX Q2,02032 (2021);Yang et al PRB 106,024307 (2022)



hybrid strategy for microcanonical quantities

N
. 1
Ising model, N=100 M=o > (on,:+1)
n=1
(@) | [—4-4
0.5} |— =1
a §=4 (MC)
@ =1 (MC)
0.4 | * =4 (MC, cutoff=102)
*  §=1 (MC, cutoff=10 2)
= 0.3
S o o
= e
0.2+ o = o —
o o ° o 2
a (6] \ELO
(0]
- O
0.1.
-0.05 ‘
-100 80 60 40 20 0
0 ' ' ' b
-100 -80 -60 -40 -20 0

Lu et al. PRX Quantum 2, 02032 (2021)
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weak ETH probe: diagonal part

S(E) _

2 fO(an)ROzB

Oag — O(E)5a5 + e

converge to thermal for large systems
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TNS simulation

dA
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TNS simulation

tr[APs(E)]
As(E) =
B = (B
dA
FITH = AnnNA(En)+5d—E
for intensive quantities
Ps(E)

0/N —-0 as N — o

IS enough for convergence to

microcanonical
DoS




test on non-integrable Ising chain

N—1 N
H=-JY oloi,+» (907 + ho})
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TNS simulation

non-integrable quantum Ising chain

A
08 . / X
X
¥
;X
06 . //' §
A
N AR
S 04 n i//
» N=20 ¥
0279+ N=10 7 et Thermal
* N:6O ,!,,//’ erima
OO 4. NZSO ”’{/’ * 5 = 05\/N
’-—*___*___*——’*——’* X 5 — \/N

~1.0 —05 00 05 1.0 1.5
E/N

microcanonical properties
average magnetization
MPO + sampling over product states

Yang et al PRB 106, 024307 (2022)
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more challenging: off—diagonal part of ET

Onp = O(E)ap+ e~ 7 fo(E,w)Rag

structure function

Luitz, Bar Leyv, PRL2016; Mondaini, Rigol 2017; Brenes et al PRL2020, PRB 2020.. ;

Schonle et al PRB2021; Essler; de Klerk, 2307.12410; ...



filter ensemble as ETH probe

function fo(E,w) related to two-time correlators

Luo et al PRB 109, 134304 (2024)



filter ensemble as ETH probe

function fo(E,w) related to two-time correlators

Co(t) = tr (ppO(t)0(0))

\’ So(w) = Zpaa|0a5‘25(w — Eg + E)

Luo et al PRB 109, 134304 (2024)



filter ensemble as ETH probe

function fo(E,w) related to two-time correlators

Co(t) = tr (ppO(t)0(0))

\’ So(w) = Zpaa|0a5‘25(w — Eg + E)

Luo et al PRB 109, 134304 (2024)



filter ensemble as ETH probe

function fo(E,w) related to two-time correlators

Co(t) = tr (ppO(t)0(0))

\’ So(w) = Zpaa|0a5‘25(w — Eg + E)

Luo et al PRB 109, 134304 (2024)



filter ensemble as ETH probe

function fo(E,w) related to two-time correlators

Co(t) =tr (pgO(t)0(0))
\’ So(w Zpaa|0a5‘25(w_E5+E )
af
5] \\ Ea
e N

Luo et al PRB 109, 134304 (2024)



filter ensemble as ETH probe

function fo(E,w) related to two-time correlators

Co(t) = tr (ppO(t)0(0))

\’ So(w) = Zpaa|0a6‘25(w — Eg + E)

filter in energy
difference
(commutator)

Luo et al PRB 109, 134304 (2024)



filter ensemble as ETH probe

function fo(E,w) related to two-time correlators

Co(t) = tr (ppO(t)0(0))

\’ So(w) = Zpaa|0a5‘25(w — Eg + E)

et 0p pyol? Ps (w)
average times filter in energy

density of states difference
factor (commutator)

Luo et al PRB 109, 134304 (2024)



filter ensemble as ETH probe

N\ .
broadened spectral function of filter ensemble
p ~ S(E4w 2
Oo‘ﬁ Iw SO (w) ~ € ( ) ‘OE,E—I—W ‘

see also Pappalardi, Foin,
Kurchan, 2304.10948
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filter ensemble as ETH probe

O\ .
broadened spectral function of filter ensemble
Ea
P ~ S(E4w 2
Oo‘ﬁ Iw SO (w) ~ € ( ) ‘OE,E—I—W ‘
see also Pappalardi, Foin, S(E4w)—S(E)
Kurchan, 2304.10948 e - fo(E 4 w/2,w)|?

using ETH

entropy factor extracted from DoS
calculation or eliminated from S?,(—w)

Luo et al PRB 109, 134304 (2024)
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filter ensemble as ETH probe

errors from two filters with independent widths

filter ensemble

E+4w I 52
S5 (@) = " fo(B + /2,00 140 (15

filter In energy difference

S/gé (w) N SP5( ) + 52 82 SP5

wa
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numerical results

model: guantum Ising chain
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mapping out the function |fo(E,w)|?
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other results with TNS + filter method
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