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Quantum XOR games (Regev-Vidick):

A B

R

Resource

ai bi

 i

i = 1; : : : ; N
ai; bi = ±1
 i 2 Cd ⊗ Cd

The game is defined by:
▶ A family of bipartite states: |ψi⟩ ∈ Cd ⊗ Cd , i = 1, · · · ,N
▶ a prob. distribution π : [N] → [0,1] (questions)
▶ Some coefficients ci ∈ {−1,1} for every i = 1, · · · ,N

Given question |ψi⟩ and answers (ai ,bi), the players win the
game if and only if

ai · bi = ci .

It is clear that Pwin(G) ≥ 1
2 . Hence, one usually works with the

bias:
β(G) := 2

(
Pwin(G)− Prandom(G)

)
∈ [0,1].
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Strategies:

A strategy to play a qXOR game is described by a linear map
P : B(HA ⊗HB) → R4

+ such that, for any given state ρ acting on
HA ⊗HB, it assigns a probability distribution over the questions:

P(ρ)= P(a,b|ρ)a,b=±1

= tr(Ma,bρ)a,b=±1,

where (Ma,b)a,b=±1 is a POVM in B(HA ⊗HB).

β(G;P) = 2
(
Pwin(G)− Prandom(G)

)
=

N∑
i=1

pici

∑
a,b=±1

abP(a,b|ρi)

= tr


γ∈S∞(HA)⊗S∞(HB)︷ ︸︸ ︷ ∑

a,b=±1

abMa,b


G∈S1(HA)⊗S1(HB)︷ ︸︸ ︷(

N∑
i=1

piciρi

)  = tr(γ · G)
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Some examples:

Non-entangled strategies: Ma,b = Ea ⊗ Fb ∈ B(HA)⊗ B(HB).

β(G) = sup{tr ((X ⊗ Y )G) : ∥X∥Ss.a
∞ (HA) ≤ 1, ∥Y∥Ss.a

∞ (HB) ≤ 1}

= ∥G∥Ss.a
1 (HA)⊗ϵSs.a

1 (HB) = ∥Ĝ : Ss.a
∞ (HA) → Ss.a

1 (HB)∥

Entangled strategies:
Ma,b = trA′B′

(
(EAA′

a ⊗ F BB′

b )(1AB ⊗ ρA′B′)
)
∈ B(HA)⊗ B(HB)

β∗(G) = sup
{

tr
(
(X AA′ ⊗ Y BB′

)(G ⊗ ρA′B′

)
:

∥X∥Ss.a
∞ (HA⊗HA′ )

≤ 1, ∥Y∥Ss.a
∞ (HB⊗HB′ ) ≤ 1, ρA′B′

}

= ∥G∥S1(HA)⊗minS1(HB) = ∥Ĝ : S∞(HA) → S1(HB)∥cb

Global strategies: Ma,b = Eab ∈ B(HAB).

β∗(G) = sup
{

tr(ZG)) : ∥Z∥Ss.a
∞ (HAB) ≤ 1

}

= ∥G∥S1(HAB) = ι(Ĝ : S∞(HA) → S1(HB))
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qXOR games to quantify resources

▶ There are some qXOR games games G s.t. β∗(G)
β(G) > 1.

▶ There are families of qXOR {Gn}n s.t. limn
β∗(Gn)
β(Gn)

= ∞.

Gn game (Regev-Vidick): For every n,
• i = 1,2

|ψ1⟩ =
1√
2
|00⟩+ 1√

2n

n∑
i=1

|ii⟩, |ψ2⟩ =
1√
2
|00⟩− 1√

2n

n∑
i=1

|ii⟩

• π(i) = 1
2 for every i

• C1 = 1, C2 = −1

It can be seen that β(G) = 1√
n , while β∗(G) = 1.

In addition, β∗(G) = 1 can only be achieved in the limit of
infinite entanglement

▶ For every qXOR game β∗max(G) ≤ 2
√

2β(G)
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Problem: Quantum entanglement vs classical communication

Let us denote by β→(G) (resp. β↔(G)) the largest possible bias
when Alice and Bob are restricted to the use of one-way (resp.
two-way) classical communication in their strategies.

In the one-way case (with c bits of communication)

Mc
a,b =

∑2c

k=1 Ea,k ⊗ Fb,k ∈ B(HA)⊗ B(HB). So,

βc
ow (G) = sup

{ 2c∑
k=1

tr ((Ak ⊗ Bk )G) :

Ak = E1,k − E−1,k , Bk = F1,k − F−1,k

}
,

It turns out that β→(G) = supc β
c
ow (G) is equivalent to

sup
c

∥Id ⊗ Ĝ : ℓc1 ⊗min S∞(HA) → ℓc
1(S1(HB))∥

= π1,cb(Ĝ : S∞(HA) → S1(HB))
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Problem: Quantum entanglement vs classical communication

Theorem (Junge, Kubicki, P., Villanueva): There exists a
universal constant K such that for every quantum XOR game G
we have

β∗(G) ≤ Kβ→(G).

Proof: ∥Ĝ : Sd
∞ → Sd

1 ∥cb ≤ Kπ1,cb(Ĝ : Sd
∞ → Sd

1 )

It is based on functional analysis: Factorizations theorems +
NC Little Grothendieck’s theorem

Remark: It is not enough to control β∗max(G)
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What does it happen in the multipartite case?

Everything can be stated analogously to the bipartite case. But
we need to work with tensors now:

G =
∑

i

π(i)ci |ψi⟩⟨ψi | ∈ B(HA)⊗ B(HB)⊗ B(HC)

▶ β∗(G) = ∥G∥S1(HA)⊗minS1(HB)⊗minS1(HC)

▶ βLOCC(G) =

Difficult to describe

E. Chitambar, D. Leung, L. Mancinska, M. Ozols, A. Winter,
Everything You Always Wanted to Know About LOCC (But
Were Afraid to Ask), CMP, vol. 328 (1), 303-326 (2014).

Useful (sometimes · · · ): LOCC strategies ⊂ SEP strategies
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SEP strategies: Ma,b,c =
∑

i∈I Pa
i ⊗ Qb

i ⊗ Rc
i ,

Then,

sup
G∈Sd

1 ⊗Sd
1 ⊗Sd

1

β∗(G)

βLOCC(G)
≥ sup

G∈Sd
1 ⊗Sd

1 ⊗Sd
1

β∗(G)

βSEP(G)

≥ C
∥∥∥ Id

d3 : Sd
∞ ⊗ϵ Sd

∞ ⊗ϵ Sd
∞ → Sd

1 ⊗min Sd
1 ⊗min Sd

1

∥∥∥.
Theorem (Junge, P.): Given natural numbers d and m s.t.
d ≥ Cm4√logm (C is a universal constant) we have, for large
enough m,∥∥∥ Id

d3 : Sd
∞ ⊗ϵ Sd

∞ ⊗ϵ Sd
∞ → Sd

1 ⊗min Sd
1 ⊗min Sd

1

∥∥∥ ≥ K
√

m

log
3
2 m

.

Corollary: There exists a family of tripartite XOR games {Gn}n
s.t.

lim
n

β∗(Gn)

βLOCC(Gn)
= ∞.
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